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The interactions between two corotating vortex filaments of equal strength are investigated analytically. TheBiot–

Savart law is used to develop the equations ofmotion of thefilaments, consistent withCrow’s formulation. Consistent

with previous work, two modes of motion are defined and analyzed for stability. It is demonstrated that the mutual

induction between the vortices leads to unstable motion of the filaments in the antisymmetric mode over a significant

range of frequencies. Furthermore, the oscillatory motion of the filaments is proven to have a preferred direction.

Nomenclature

a = core diameter
bv = vortex separation distance
c = damping coefficient
d = integration cutoff distance
dL = increment of length along the vortex
ex, ey, ez = unit vectors along x, y, and z
k = wave number
R = general radial distance
r = radial distance from mean vortex position
s = mean lateral vortex position
t = time
Un = induced velocity vector
u, v, w = perturbation velocity components
x, y, z = coordinate axes
ŷ, ẑ = perturbation amplitudes
� = dimensionless amplification rate, ��2�b2v=��c
� = dimensionless wave number, �kbv
� = vortex strength
� = dimensionless cutoff distance, �kd
� = inclination angle of the planes of motion
� = dimensionless length, ��n=bv
���� = first mutual-induction function,

� R1
0 cos����=��2 � 1�3=2 d�

 ��� = second mutual-induction function,
� R1

0 �cos���� � �� sin�����=��2 � 1�3=2 d�
!��� = self-induction function,

� R1
� �cos��� � � sin��� � 1�=�3 d�

Subscripts

A = antisymmetric
S = symmetric
1, 2 = left and right filaments

Introduction

T HE vortical wake of an aircraft with deployed high-lift devices
is a complex flowfield that has been the subject of numerous

investigations. These flowfields are characterized by multiple

corotating and counterrotating longitudinal vortex filaments. The
kinematics of the counterrotating vortices have been studied
extensively in analytical form [1,2] as well as experimentally [3–6].
However, one of the features of this flow in the near field is the
interaction and the eventual merger of multiple corotating vortex
filaments.

Considerable effort has been spent on studying themerger process
from the viewpoint of viscosity and vortex diffusion. Two-
dimensional models include those describing the visually observed
phenomena [7] and analytical models of the merger process [8],
verified experimentally [9]. Long-term behavior with real and
simulated viscous effects has been shown to be sensitive to the initial
conditions [10] and the background noise and turbulence [11,12].
There are also a number of papers addressing the stability of the
motion of multiple inviscid vortices in two dimensions [13,14].

Three-dimensional investigations of corotating vortices have
covered awide range of topics as well. Detailed studies weremade to
understand the nature of the wake behind specific aircraft [15–18].
More recently, the distance to merger has been studied [19–21] and
shown to be approximately one spiraling orbit, whereas more
detailed studies have been made of the merger from the viewpoint of
viscous diffusion [22].

All of the above investigations have focused on either the initial
conditions or on the merger itself as a viscous phenomenon. The
kinematics of the flow and the dynamic interactions between the
corotating vortex filaments beforemerger have not received their due
attention in the technical literature. Jimenez [23] offered the only
analytical model that addresses this issue. However, his results did
not agree entirely with the experimental results that have been
obtained recently [24].

In the present paper, the authors report on their analytical
investigation of the time-dependent interactions of a pair of
corotating vortex filaments. An analytical approach similar to that of
Crow [1] is used to investigate the stability of corotating vortex
filaments. It is demonstrated that the filaments tend to form, in many
cases, planer waves of increasing amplitude along preferred
directions. The rate of growth of the amplitude and the inclina-
tion angles of the planes of motion are shown to depend on the wave
number.

Method of Analysis

General Formulation

Figure 1 shows the schematic drawing of a pair of corotating
vortex filaments and the associated coordinate system used for this
analysis. Throughout this development, for the sake of clarity, the
authors have adhered as closely as possible to the notation used by
Crow [1].

The analysis begins with the Biot–Savart law, which relates the
velocity and circulation in the following manner:

U n �
X2
m�1

�m

Z �1

�1

Rmn � dLm

4�jRmnj3
(1)
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This equation gives the velocity vector induced at a point on vortex n
by an element of length dL on each of the twofilaments. The position
vector Rmn is defined as the vector from m to n and is given by

R mn � �x0m � xn�ex � �sm � sn�ey � �r0m � rn� (2)

In the two vortex case, primes are used to distinguish points which lie
on the same vortex, when m� n. The vector r lies in the y–z plane
and denotes the vortex position relative to its mean location.
Therefore,

r � y�x; t�ey � z�x; t�ez (3)

The line vortices have equal strength and rotate in the same direction
so that �� �1 � �2. The associated boundary condition is the
tangency of the local velocity vector to the filament, which translates
into

@rn
@xn

un �
@rn
@t

� vney �wnez (4)

Furthermore, the differential length element directed along the
vortex is given by

dLm �
�
ex �

@y0m
@x0m

ey �
@z0m
@x0m

ez

�
dx0m (5)

Substituting into Eq. (1) for the velocity Un results in the following
expressions for un, vn, and wn:

un �
X2
m�1

�

4�

Z �1

�1

1

jRmnj3
�
�sm � sn�

@z0m
@x0m

� �y0m � yn�
@z0m
@x0m

� �z0m � zn�
@y0m
@x0m

�
dx0m (6)

vn �
X2
m�1

�

4�

Z �1

�1

1

jRmnj3
�
�z0m � zn� � �x0m � xn�

@z0m
@x0m

�
dx0m (7)

wn �
X2
m�1

�

4�

Z �1

�1

1

jRmnj3
�
�x0m � xn�

@y0m
@x0m

� �sm � sn�

� �y0m � yn�
�
dx0m (8)

where

jRmnj�3 � f�x0m � xn�2 � ��sm � sn� � �y0m � yn��2
� �z0m � zn�2g�3=2 (9)

The integral equations can be linearized to the first order by a
Taylor series expansion of Eq. (9), resulting in

jRmnj�3 	
1

��x0m � xn�2 � �sm � sn�2�3=2

� 3�sm � sn��y0m � yn�
��x0m � xn�2 � �sm � sn�2�5=2

(10)

Substituting Eq. (10) into Eqs. (6–8) and eliminating the second and
higher order terms leads to

un �
X2
m�1

�

4�

Z 1

�1

�sm � sn� @z
0
m

@x0m

��x0m � xn�2 � �sm � sn�2�3=2
dx0m (11)

vn �
X2
m�1

�

4�

Z 1

�1

�z0m � zn� � �x0m � xn� @z
0
m

@x0m

��x0m � xn�2 � �sm � sn�2�3=2
dx0m (12)

wn �
X2
m�1

�

4�

�Z 1

�1

�x0m � xn� @y
0
m

@x0m
� �y0m � yn�

��x0m � xn�2 � �sm � sn�2�3=2
dx0m

�
Z 1

�1

3�sm � sn�2�y0m � yn�
��x0m � xn�2 � �sm � sn�2�5=2

dx0m

�
Z 1

�1

�sm � sn�
��x0m � xn�2 � �sm � sn�2�3=2

dx0m

�
(13)

The position of the unperturbed vortex along the y axis is given by
the variable s that is defined as one-half the distance between the two
vortices where s1 ��bv=2 and s2 ��bv=2. Therefore, the last
integral on the right-hand side of Eq. (13) becomes

X2
m�1

�

4�

Z 1

�1

�sm � sn�
��x0m � xn�2 � �sm � sn�2�3=2

dx0m �
X2
m�1

�

4�

�
2

sm � sn

�

(14)

For the first vortex, m� 1, this term is

�

4�

�
2

s1 � s2

�
� ��

2�bv
(15)

and for the second vortex, m� 2, this term is

�

4�

�
2

s2 � s1

�
� �

2�bv
(16)

These terms are time independent and indicate that the two vortices
spiral around each other about the x axis at a constant rate. These
terms, being constants, have no contribution in the ensuing stability
analysis. Therefore, they will be ignored in the remainder of this
work. This is the same as assuming that the coordinate system rotates
around the x axis at a constant rate determined by the induced
velocities from these terms.

The first term on the left-hand side of Eq. (4) is a higher order term
and is therefore neglected. Substituting the perturbation velocities in
the remaining terms results in

@rn
@t

�
X2
m�1

�

4�

��Z 1

�1

�z0m � zn� � �x0m � xn� @z
0
m

@x0m

��x0m � xn�2 � �sm � sn�2�3=2
dx0m

�
ey

�
�Z 1

�1

�x0m � xn� @y
0
m

@x0m
� �y0m � yn�

��x0m � xn�2 � �sm � sn�2�3=2

� 3�sm � sn�2�y0m � yn�
��x0m � xn�2 � �sm � sn�2�5=2

dx0m

�
ez

�
(17)

Stability Analysis

For an exponential stability analysis, one can assume
perturbations of the form

r n � ŷne
ct�ikxney � ẑne

ct�ikxnez (18)

In this case, Eq. (17) leads to two sets of equations, each having two
parts: a projection on the x–y plane and a projection on the x–z plane.
The case of n� 1will be considered here. The case of n� 2 follows
the same steps.

Γ2Γ1

P1

P2

dL1

dL2

z

x

y

2,1R

Fig. 1 Schematic of the geometry.
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The projection on the x–y plane is given by

cŷ1 �
�

4�
ẑ1

Z 1

�1

�eik�1 � 1� � ik�1eik�1
j�1j3

d�1

� �

4�

Z 1

�1

�ẑ2eik�2 � ẑ1� � ik�2ẑ2eik�2
��22 � b2v�3=2

d�2 (19)

where

�1 � x01 � x1 (20)

and

�2 � x02 � x1 (21)

Using the following substitution for the exponential terms

eik�n � cos�k�n� � i sin�k�n� (22)

Equation (19) becomes

cŷ1 �
�

4�
ẑ1

Z 1

�1

�
cos�k�1� � k�1 sin�k�1� � 1

j�1j3

� i�sin�k�1� � k�1 cos�k�1��
j�1j3

�
d�1

� �

4�
ẑ2

Z 1

�1

�
cos�k�2� � k�2 sin�k�2�

��22 � b2v�3=2

� i�sin�k�2� � k�2 cos�k�2��
��22 � b2v�3=2

�
d�2

� �

4�
ẑ1

Z 1

�1

�
1

��22 � b2v�3=2
�
d�2 (23)

The real parts of the integrals in Eq. (23) are even functions, whereas
the imaginary parts are odd. Therefore, integrating over the infinite
domain results in a finite value for the real parts, but the integrals of
the imaginary parts vanish. Furthermore, the integrals contain a
strong singularity where �1 � 0. To remove this singularity, a small
part of the domain is ignored in the integration process by
introducing a small cutoff distance. Ignoring the contribution of the
imaginary parts and incorporating the cutoff distance d in the self-
induction term yields

cŷ1 �
�

2�
ẑ1

Z 1

d

cos�k�1� � k�1 sin�k�1� � 1

�31
d�1

� �

2�
ẑ2

Z 1

0

cos�k�2� � k�2 sin�k�2�
��22 � b2v�3=2

d�2 �
�

2�b2v
ẑ1 (24)

Similarly, one can show that for the projection on the x–z plane

cẑ1 �
��
2�
ŷ1

Z 1

d

cos�k�1� � k�1 sin�k�1� � 1

�31
d�1

� �

2�
ŷ2

Z 1

0

cos�k�2�
��22 � b2v�3=2

d�2 �
�

2�b2v
ŷ1 (25)

Equations (24) and (25) can be rewritten in terms of the
dimensionless variables as follows:

�ŷ1 � �2ẑ1

Z 1

�

cos���� � �� sin���� � 1

����3 d����

� ẑ2

Z 1

0

cos���� � �� sin����
��2 � 1�3=2 d� � ẑ1 (26)

�ẑ1 ���2ŷ1

Z 1

�

cos���� � �� sin���� � 1

����3 d����

� ŷ2

Z 1

0

cos����
��2 � 1�3=2 d� � ŷ1 (27)

or simply

�ŷ1 � �2!ẑ1 �  ẑ2 � ẑ1 (28)

�ẑ1 ���2!ŷ1 � �ŷ2 � ŷ1 (29)

Following the same procedure for n� 2 produces

�ŷ2 � �2!ẑ2 �  ẑ1 � ẑ2 (30)

�ẑ2 ���2!ŷ2 � �ŷ1 � ŷ2 (31)

Therefore, to determine the eigenvalues and the eigenvectors, one
must solve the linear system given by Eqs. (28–31).

The symmetric and the antisymmetric solutions are considered
separately by Crow [1] and by Jimenez [23]. For the corotating case,
these modes are defined as

ŷ A � ŷ2 � ŷ1 (32)

ẑ A � ẑ2 � ẑ1 (33)

ŷ S � ŷ2 � ŷ1 (34)

ẑ S � ẑ2 � ẑ1 (35)

Jimenez [23] indicates that the antisymmetric mode consists of the
oscillations of the two vortex filaments as a whole, whereas the
symmetric mode describes the internal perturbations of the system.
The roots for the symmetric mode are given by

�2S � ��2!�  � 1����2!� � � 1� (36)

The roots for the antisymmetric mode are given by

�2A � ��2! �  � 1����2! � � � 1� (37)

To investigate the stability of the system, the amplification rates
found in Eq. (36) and (37) must be analyzed. Crow [1] shows the
following to be true:

���� � �K1��� (38)

 ��� � �2K0��� � �K1��� (39)

!��� � 1

2

�
cos � � 1

�2
� sin �

�
� Ci���

�
(40)

where Ci��� is the cosine integral and Kn are modified Bessel
functions. Figure 2 shows the mutual-induction functions  and �
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Fig. 2 Mutual-induction functions.

1436 MILLER, KLIMENT, AND ROKHSAZ



versus the dimensionless wave number, and Fig. 3 shows the self-
induction term ! as a function of the dimensionless cutoff distance.

For both the symmetric and antisymmetric cases, the mode is
unstable when the value of �2, given by Eqs. (36) and (37), is
positive. When �2 is negative, the mode is neutrally stable. Crow [1]
characterizes this behavior as similar to the oscillations of a single
vortex. He also states that the vortices are twisted into traveling
helices or have motion confined to spinning planes. Figure 4 is the
stability diagram for the antisymmetric mode, and Fig. 5 is the
stability diagram for the symmetric mode. It can be seen from these
diagrams that the corotating case has both stable and unstable
regions. This is in contrast to the results obtained by Jimenez [23]
who found the motion of the corotating vortices to be stable over a
wide range of frequencies. Variations of �2 as a function of � for
three values of the nondimensional cutoff distance are shown in
Figs. 6–8.

Crow [1] showed that, for the unstable counterrotating vortices,
the growing perturbations are planar standing waves. He described
the planes at fixed angles ���; �� relative to the horizontal. For the
corotating case, angle � is defined relative to the line connecting the
mean vortex positions and is given by

tan �� ẑ

ŷ
(41)

Therefore, for the symmetric mode

tan 2�S �
���2!� � � 1�
��2!�  � 1� (42)

and for the antisymmetric mode

tan 2�A �
���2! � � � 1�
��2! �  � 1� (43)

The angles for both modes are shown graphically in Figs. 9 and 10.
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0.0

1.0

2.0

3.0

4.0

5.0

0.0 0.2 0.4 0.6 0.8 1.0

//

Stable

Stable

Stable

0.0

1.0

2.0

3.0

4.0

5.0

0.0 0.2 0.4 0.6 0.8 1.0

//

Stable

Stable

Stable

Fig. 4 Stability diagram for the antisymmetric mode.
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Fig. 5 Stability diagram for the symmetric mode.
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From the previous discussion, it is clear that the results of this
analysis are in contrast to those of Jimenez [23]. Currently, there is a
limited amount of data available in the literature that tends to support
the present conclusions [24,25]. However, a conclusive set of
experimental data that would support this analysis is lacking.

Conclusions

An analytical model for the interactions between corotating
longitudinal vortices was developed. The vortices were assumed to
be of equal strength. This model, which relied on the Biot–Savart
law, was shown to be consistent with those of Jimenez and Crow.
Consistent with other models, two modes of motion were defined to

describe the movements of filaments relative to each other. In the
symmetric mode, the filaments would move relative to each other,
whereas the antisymmetric mode described the motion of the system
as a whole.

It was proven analytically that the mutual induction between the
vortices would lead to unstable motion of the filaments over a wide
range of frequencies in the antisymmetric mode. Also, the oscillatory
motion of the filaments was proven to have a preferred direction.

The outcomes shown here are inconsistent with the widely
accepted results of Jimenez. Therefore, further experimental
investigation of the role of the frequency is recommended.

Appendix

Examining the analysis presented by Jimenez [23] in more detail,
he defines the following variables:

M��� � 1
2
�2K2��� (A1)

Q��� � �K1��� � �2K0��� (A2)

�� 1
2
�2�1:059 � ln ��a=bv�� (A3)

Following the method described by Jimenez but transforming into
the coordinate system used for the current analysis, the basic modes
of the first vortex are defined as

�Jŷ1 � 1
2
�1���ẑ1 � 1

2
Qẑ2 (A4)

�Jẑ1 ��1
2
�3���ŷ1 � �1

2
Q �M�ŷ2 (A5)

whereas for the second vortex the results are

�Jŷ2 ��1
2
Qẑ1 � 1

2
�1���ẑ2 (A6)

�Jẑ2 ���1
2
Q �M�ŷ1 � 1

2
�3���ŷ2 (A7)

The subscript J is used here to distinguish between the basic modes
identified by Jimenez and the basic modes developed in the present
analysis that have no subscript and are given in Eqs. (28–31). The
modes given by Jimenez are clearly different from those found in the
current analysis.
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